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CONTEXT AND MOTIVATION

▶ GENERAL CONTEXT 
▶ mmWave systems enable convergence of radar and communication wavelengths

▶ Previously separated communication and sensing systems can coexist on a single hardware

▶ Sensing can significantly improve communication performance


▶ INFORMATION-THEORETIC PERSPECTIVE ON JOINT COMMUNICATION AND SENSING 
▶ Objective: develop fundamental insights into benefits of joint approach 
▶ Previous works: sensing independent and identically distributed (i.i.d.) channel state 


▶ [Zhang et al.’11,Kobayashi et al.’18’19, Ahmadipour et al.’21] 

▶ Characterization of rate-distortion region with (optimal) open-loop strategies


▶ PRESENT WORK: MODEL WITH MEMORY 
▶ Discrete Memoryless Channel (DMC) with fixed channel state


▶ Motivation: Channel change rate much slower than communication rate

▶ Full characterization of sensing vs. communication tradeoff in open loop

▶ Identification of significant benefits when adapting to channel with sensing
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JOINT COMMUNICATION AND SENSING: INFORMATION-THEORETIC MODEL AND PERFORMANCE METRICS

▶ JOINT COMMUNICATION AND SENSING MODEL 
▶ State-dependent Discrete Memoryless Channel (Compound Channel)

▶ State            ,                

▶ Encoder:                                                      , decoder:                            , estimator: 


▶ PERFORMANCE METRICS 
▶ Communication-error probability: 


▶ Detection-error probability: 


▶ Rate:                           and detection error exponent
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fi : [1;M ]⇥ Zi�1 ! X
<latexit sha1_base64="W0cbKsfuLsOrmsaauVomb8N0RtU=">AAACF3icbVDLSsNAFJ3UV62vqks3wSK4MSQiKLopunEjVLAPTGKYTCft0MmDmRuhhPyFG3/FjQtF3OrOv3HaBtHWAwOHc+5lzj1+wpkE0/zSSnPzC4tL5eXKyura+kZ1c6sl41QQ2iQxj0XHx5JyFtEmMOC0kwiKQ5/Ttj+4GPnteyoki6MbGCbUDXEvYgEjGJTkVY3AY6e2dXblOsBCKp0QQ59gnt3mdxk7sHIH4h+tk3vVmmmYY+izxCpIDRVoeNVPpxuTNKQREI6ltC0zATfDAhjhNK84qaQJJgPco7aiEVYZ3Gx8V67vKaWrB7FQLwJ9rP7eyHAo5TD01eQoopz2RuJ/np1CcOJmLEpSoBGZfBSkXIdYH5Wkd5mgBPhQEUwEU1l10scCE1BVVlQJ1vTJs6R1aFimYV0f1ernRR1ltIN20T6y0DGqo0vUQE1E0AN6Qi/oVXvUnrU37X0yWtKKnW30B9rHN5vVoDg=</latexit><latexit sha1_base64="W0cbKsfuLsOrmsaauVomb8N0RtU=">AAACF3icbVDLSsNAFJ3UV62vqks3wSK4MSQiKLopunEjVLAPTGKYTCft0MmDmRuhhPyFG3/FjQtF3OrOv3HaBtHWAwOHc+5lzj1+wpkE0/zSSnPzC4tL5eXKyura+kZ1c6sl41QQ2iQxj0XHx5JyFtEmMOC0kwiKQ5/Ttj+4GPnteyoki6MbGCbUDXEvYgEjGJTkVY3AY6e2dXblOsBCKp0QQ59gnt3mdxk7sHIH4h+tk3vVmmmYY+izxCpIDRVoeNVPpxuTNKQREI6ltC0zATfDAhjhNK84qaQJJgPco7aiEVYZ3Gx8V67vKaWrB7FQLwJ9rP7eyHAo5TD01eQoopz2RuJ/np1CcOJmLEpSoBGZfBSkXIdYH5Wkd5mgBPhQEUwEU1l10scCE1BVVlQJ1vTJs6R1aFimYV0f1ernRR1ltIN20T6y0DGqo0vUQE1E0AN6Qi/oVXvUnrU37X0yWtKKnW30B9rHN5vVoDg=</latexit><latexit sha1_base64="W0cbKsfuLsOrmsaauVomb8N0RtU=">AAACF3icbVDLSsNAFJ3UV62vqks3wSK4MSQiKLopunEjVLAPTGKYTCft0MmDmRuhhPyFG3/FjQtF3OrOv3HaBtHWAwOHc+5lzj1+wpkE0/zSSnPzC4tL5eXKyura+kZ1c6sl41QQ2iQxj0XHx5JyFtEmMOC0kwiKQ5/Ttj+4GPnteyoki6MbGCbUDXEvYgEjGJTkVY3AY6e2dXblOsBCKp0QQ59gnt3mdxk7sHIH4h+tk3vVmmmYY+izxCpIDRVoeNVPpxuTNKQREI6ltC0zATfDAhjhNK84qaQJJgPco7aiEVYZ3Gx8V67vKaWrB7FQLwJ9rP7eyHAo5TD01eQoopz2RuJ/np1CcOJmLEpSoBGZfBSkXIdYH5Wkd5mgBPhQEUwEU1l10scCE1BVVlQJ1vTJs6R1aFimYV0f1ernRR1ltIN20T6y0DGqo0vUQE1E0AN6Qi/oVXvUnrU37X0yWtKKnW30B9rHN5vVoDg=</latexit><latexit sha1_base64="W0cbKsfuLsOrmsaauVomb8N0RtU=">AAACF3icbVDLSsNAFJ3UV62vqks3wSK4MSQiKLopunEjVLAPTGKYTCft0MmDmRuhhPyFG3/FjQtF3OrOv3HaBtHWAwOHc+5lzj1+wpkE0/zSSnPzC4tL5eXKyura+kZ1c6sl41QQ2iQxj0XHx5JyFtEmMOC0kwiKQ5/Ttj+4GPnteyoki6MbGCbUDXEvYgEjGJTkVY3AY6e2dXblOsBCKp0QQ59gnt3mdxk7sHIH4h+tk3vVmmmYY+izxCpIDRVoeNVPpxuTNKQREI6ltC0zATfDAhjhNK84qaQJJgPco7aiEVYZ3Gx8V67vKaWrB7FQLwJ9rP7eyHAo5TD01eQoopz2RuJ/np1CcOJmLEpSoBGZfBSkXIdYH5Wkd5mgBPhQEUwEU1l10scCE1BVVlQJ1vTJs6R1aFimYV0f1ernRR1ltIN20T6y0DGqo0vUQE1E0AN6Qi/oVXvUnrU37X0yWtKKnW30B9rHN5vVoDg=</latexit>

P (n)
c , max

s2S
max

w2[1;M ]
P(h(Y n) 6= w|W = w, S = s)

<latexit sha1_base64="GW7K4/hnI5qz9K4fMsXag4Mkmsg="></latexit><latexit sha1_base64="GW7K4/hnI5qz9K4fMsXag4Mkmsg="></latexit><latexit sha1_base64="GW7K4/hnI5qz9K4fMsXag4Mkmsg="></latexit><latexit sha1_base64="GW7K4/hnI5qz9K4fMsXag4Mkmsg="></latexit>

P (n)
d , max

s2S

1

M

MX

w=1

P(g(Zn) 6= s|S = s,W = w)
<latexit sha1_base64="VNemLu7xVw+6Gg75Q2LjmlzNd18="></latexit><latexit sha1_base64="VNemLu7xVw+6Gg75Q2LjmlzNd18="></latexit><latexit sha1_base64="VNemLu7xVw+6Gg75Q2LjmlzNd18="></latexit><latexit sha1_base64="VNemLu7xVw+6Gg75Q2LjmlzNd18="></latexit>

R , 1

n
logM

<latexit sha1_base64="Yi9PJ9bl0THMYPgAs4Fx7FDX7XI=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9Fj04kWoYj+gCWWz3bRLN5u4uxFKyM2Lf8WLB0W8+he8+W/ctjlo64OBx3szzMwLEs6Udpxva2FxaXlltbRWXt/Y3Nq2d3abKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGl2O/9UClYrG406OE+hHuCxYygrWRuvbBLfK0ZFj0Ob1HXigxydw8E7nH4z667toVp+pMgOaJW5AKFKh37S+vF5M0okITjpXquE6i/QxLzQinedlLFU0wGeI+7RgqcESVn03+yNGRUXoojKUpodFE/T2R4UipURSYzgjrgZr1xuJ/XifV4bmfMZGkmgoyXRSmHOkYjUNBPSYp0XxkCCaSmVsRGWCThTbRlU0I7uzL86R5UnWdqntzWqldFHGUYB8O4RhcOIMaXEEdGkDgEZ7hFd6sJ+vFerc+pq0LVjGzB39gff4AlkKZHg==</latexit><latexit sha1_base64="Yi9PJ9bl0THMYPgAs4Fx7FDX7XI=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9Fj04kWoYj+gCWWz3bRLN5u4uxFKyM2Lf8WLB0W8+he8+W/ctjlo64OBx3szzMwLEs6Udpxva2FxaXlltbRWXt/Y3Nq2d3abKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGl2O/9UClYrG406OE+hHuCxYygrWRuvbBLfK0ZFj0Ob1HXigxydw8E7nH4z667toVp+pMgOaJW5AKFKh37S+vF5M0okITjpXquE6i/QxLzQinedlLFU0wGeI+7RgqcESVn03+yNGRUXoojKUpodFE/T2R4UipURSYzgjrgZr1xuJ/XifV4bmfMZGkmgoyXRSmHOkYjUNBPSYp0XxkCCaSmVsRGWCThTbRlU0I7uzL86R5UnWdqntzWqldFHGUYB8O4RhcOIMaXEEdGkDgEZ7hFd6sJ+vFerc+pq0LVjGzB39gff4AlkKZHg==</latexit><latexit sha1_base64="Yi9PJ9bl0THMYPgAs4Fx7FDX7XI=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9Fj04kWoYj+gCWWz3bRLN5u4uxFKyM2Lf8WLB0W8+he8+W/ctjlo64OBx3szzMwLEs6Udpxva2FxaXlltbRWXt/Y3Nq2d3abKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGl2O/9UClYrG406OE+hHuCxYygrWRuvbBLfK0ZFj0Ob1HXigxydw8E7nH4z667toVp+pMgOaJW5AKFKh37S+vF5M0okITjpXquE6i/QxLzQinedlLFU0wGeI+7RgqcESVn03+yNGRUXoojKUpodFE/T2R4UipURSYzgjrgZr1xuJ/XifV4bmfMZGkmgoyXRSmHOkYjUNBPSYp0XxkCCaSmVsRGWCThTbRlU0I7uzL86R5UnWdqntzWqldFHGUYB8O4RhcOIMaXEEdGkDgEZ7hFd6sJ+vFerc+pq0LVjGzB39gff4AlkKZHg==</latexit><latexit sha1_base64="Yi9PJ9bl0THMYPgAs4Fx7FDX7XI=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9Fj04kWoYj+gCWWz3bRLN5u4uxFKyM2Lf8WLB0W8+he8+W/ctjlo64OBx3szzMwLEs6Udpxva2FxaXlltbRWXt/Y3Nq2d3abKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGl2O/9UClYrG406OE+hHuCxYygrWRuvbBLfK0ZFj0Ob1HXigxydw8E7nH4z667toVp+pMgOaJW5AKFKh37S+vF5M0okITjpXquE6i/QxLzQinedlLFU0wGeI+7RgqcESVn03+yNGRUXoojKUpodFE/T2R4UipURSYzgjrgZr1xuJ/XifV4bmfMZGkmgoyXRSmHOkYjUNBPSYp0XxkCCaSmVsRGWCThTbRlU0I7uzL86R5UnWdqntzWqldFHGUYB8O4RhcOIMaXEEdGkDgEZ7hFd6sJ+vFerc+pq0LVjGzB39gff4AlkKZHg==</latexit>

E(n)
d , � 1

n
logP (n)

d
<latexit sha1_base64="jeauQW1TjpMgm+ZTWn2XfEV+oWU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4wIuiyK4LKCVaFTSya9U4OZzJjcEUuY/3Hjr7jQhQ/c+h+mtQu1HggczjmXm3uiTAqDvv/mjY1PTE5Nz8yW5uYXFpfKyytnJs01hwZPZaovImZACgUNFCjhItPAkkjCeXR92PfPb0EbkapT7GXQSlhXiVhwhk5qlw+O2jZEuEPbKYpLu6m2ChqiFkx1JdzQ7TDWjNugsMrpMu3S+ki+Xa74VX8AOkqCIamQIert8lPYSXmegEIumTHNwM+wZZlGwSUUpTA3kDF+zbrQdFSxBEzLDm4t6IZTOjROtXsK6UD9OWFZYkwviVwyYXhl/np98T+vmWO837JCZTmC4t+L4lxSTGm/ONoRGjjKniOMa+H+SvkVc+2gq7fkSgj+njxKznaqgV8NTnYrtYNhHTNkjayTTRKQPVIjx6ROGoSTe/JIXsir9+A9e+/ex3d0zBvOrJJf8D6/AMkQqJs=</latexit><latexit sha1_base64="jeauQW1TjpMgm+ZTWn2XfEV+oWU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4wIuiyK4LKCVaFTSya9U4OZzJjcEUuY/3Hjr7jQhQ/c+h+mtQu1HggczjmXm3uiTAqDvv/mjY1PTE5Nz8yW5uYXFpfKyytnJs01hwZPZaovImZACgUNFCjhItPAkkjCeXR92PfPb0EbkapT7GXQSlhXiVhwhk5qlw+O2jZEuEPbKYpLu6m2ChqiFkx1JdzQ7TDWjNugsMrpMu3S+ki+Xa74VX8AOkqCIamQIert8lPYSXmegEIumTHNwM+wZZlGwSUUpTA3kDF+zbrQdFSxBEzLDm4t6IZTOjROtXsK6UD9OWFZYkwviVwyYXhl/np98T+vmWO837JCZTmC4t+L4lxSTGm/ONoRGjjKniOMa+H+SvkVc+2gq7fkSgj+njxKznaqgV8NTnYrtYNhHTNkjayTTRKQPVIjx6ROGoSTe/JIXsir9+A9e+/ex3d0zBvOrJJf8D6/AMkQqJs=</latexit><latexit sha1_base64="jeauQW1TjpMgm+ZTWn2XfEV+oWU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4wIuiyK4LKCVaFTSya9U4OZzJjcEUuY/3Hjr7jQhQ/c+h+mtQu1HggczjmXm3uiTAqDvv/mjY1PTE5Nz8yW5uYXFpfKyytnJs01hwZPZaovImZACgUNFCjhItPAkkjCeXR92PfPb0EbkapT7GXQSlhXiVhwhk5qlw+O2jZEuEPbKYpLu6m2ChqiFkx1JdzQ7TDWjNugsMrpMu3S+ki+Xa74VX8AOkqCIamQIert8lPYSXmegEIumTHNwM+wZZlGwSUUpTA3kDF+zbrQdFSxBEzLDm4t6IZTOjROtXsK6UD9OWFZYkwviVwyYXhl/np98T+vmWO837JCZTmC4t+L4lxSTGm/ONoRGjjKniOMa+H+SvkVc+2gq7fkSgj+njxKznaqgV8NTnYrtYNhHTNkjayTTRKQPVIjx6ROGoSTe/JIXsir9+A9e+/ex3d0zBvOrJJf8D6/AMkQqJs=</latexit><latexit sha1_base64="jeauQW1TjpMgm+ZTWn2XfEV+oWU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4wIuiyK4LKCVaFTSya9U4OZzJjcEUuY/3Hjr7jQhQ/c+h+mtQu1HggczjmXm3uiTAqDvv/mjY1PTE5Nz8yW5uYXFpfKyytnJs01hwZPZaovImZACgUNFCjhItPAkkjCeXR92PfPb0EbkapT7GXQSlhXiVhwhk5qlw+O2jZEuEPbKYpLu6m2ChqiFkx1JdzQ7TDWjNugsMrpMu3S+ki+Xa74VX8AOkqCIamQIert8lPYSXmegEIumTHNwM+wZZlGwSUUpTA3kDF+zbrQdFSxBEzLDm4t6IZTOjROtXsK6UD9OWFZYkwviVwyYXhl/np98T+vmWO837JCZTmC4t+L4lxSTGm/ONoRGjjKniOMa+H+SvkVc+2gq7fkSgj+njxKznaqgV8NTnYrtYNhHTNkjayTTRKQPVIjx6ROGoSTe/JIXsir9+A9e+/ex3d0zBvOrJJf8D6/AMkQqJs=</latexit>
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JOINT COMMUNICATION AND SENSING: STRATEGIES AND TRADEOFFS

▶ STRATEGIES: OPEN LOOP VS CLOSED LOOP 
▶ Open loop model does not use channel state information

▶ Closed loop model uses feedback for encoding


▶ Adapt communication to sensing


▶ EXISTENCE OF TRADEOFFS BETWEEN PERFORMANCE METRICS 
▶ No tradeoff between rate and estimation error: possible to transmit at capacity with vanishing estimation error

▶ Tradeoff is between rate and detection error exponent

▶ Intuition: both rate and detection error exponent depend on type of codewords

4
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MAIN RESULTS: EXACT TRADEOFF FOR OPEN LOOP STRATEGIES 5

THEOREM: RATE AND EXPONENT REGION FOR OPEN-LOOP 
    Joint communication and sensing region


where

�(PX) = min
s2S

min
s0 6=s

max
`2[0,1]

�
X

x

PX(x) log

 
X

z

WZ|x,s(z)
`WZ|x,s0(z)

1�`

!

<latexit sha1_base64="boz46yagcl3fvZ5M7DILx0iutNY="></latexit><latexit sha1_base64="boz46yagcl3fvZ5M7DILx0iutNY="></latexit><latexit sha1_base64="boz46yagcl3fvZ5M7DILx0iutNY="></latexit><latexit sha1_base64="boz46yagcl3fvZ5M7DILx0iutNY="></latexit>

Copen =
[

PX2PX

8
<

:

(R,E) 2 R2
+ :

R 6 mins2S I(PX ,WY |X,s)
E 6 �(PX)

9
=

;
<latexit sha1_base64="IFLypX3aB4Vl0HgbE2prFrEIYM8="></latexit><latexit sha1_base64="IFLypX3aB4Vl0HgbE2prFrEIYM8="></latexit><latexit sha1_base64="IFLypX3aB4Vl0HgbE2prFrEIYM8="></latexit><latexit sha1_base64="IFLypX3aB4Vl0HgbE2prFrEIYM8="></latexit>

COROLLARY: NO TRADEOFF CONDITION 
   If there exists                such that for all               there exists a permutation        on      such that for every 


then

x0 2 X
<latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vfdb9sY3erONdCQClr58KFn9Mo8=">AAAB73icbVA9T8MwFHwpX6UUSFlZLCokpsphgRGJhbFI9ENqoshxndaq40S2U6hCfwoLAwjxb9j4NzhtB2g5ydLp7j2980WZ4Npg/O1UtrZ3dveq+7WD+uHRsduod3WaK8o6NBWp6kdEM8El6xhuBOtnipEkEqwXTW5LvzdlSvNUPphZxoKEjCSPOSXGSqHbeAqxz6WfEDOmRBT9eeg2cQsvgDaJtyJNWKEdul/+MKV5wqShgmg98HBmgoIow6lg85qfa5YROiEjNrBUkoTpoFhEn6NzqwxRnCr7pEEL9fdGQRKtZ0lkJ8uIet0rxf+8QW7i66DgMssNk3R5KM4FMikqe0BDrhg1YmYJoYrbrIiOiSLU2LZqtgRv/cubpHvZ8nDLu8dQhVM4gwvw4Apu4A7a0AEKj/ACb/DuPDuvzseyroqz6u0E/sD5/AEH25Kw</latexit><latexit sha1_base64="vfdb9sY3erONdCQClr58KFn9Mo8=">AAAB73icbVA9T8MwFHwpX6UUSFlZLCokpsphgRGJhbFI9ENqoshxndaq40S2U6hCfwoLAwjxb9j4NzhtB2g5ydLp7j2980WZ4Npg/O1UtrZ3dveq+7WD+uHRsduod3WaK8o6NBWp6kdEM8El6xhuBOtnipEkEqwXTW5LvzdlSvNUPphZxoKEjCSPOSXGSqHbeAqxz6WfEDOmRBT9eeg2cQsvgDaJtyJNWKEdul/+MKV5wqShgmg98HBmgoIow6lg85qfa5YROiEjNrBUkoTpoFhEn6NzqwxRnCr7pEEL9fdGQRKtZ0lkJ8uIet0rxf+8QW7i66DgMssNk3R5KM4FMikqe0BDrhg1YmYJoYrbrIiOiSLU2LZqtgRv/cubpHvZ8nDLu8dQhVM4gwvw4Apu4A7a0AEKj/ACb/DuPDuvzseyroqz6u0E/sD5/AEH25Kw</latexit><latexit sha1_base64="6FMyptX7c7eXN0h2IeBXGXm9l+Q=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU+WwwFjBwlgk+pCaKHJcp7XqOJHtAFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/iEKWdKI/RtVdbWNza3qtu1nd29/QO7fthVSSYJ7ZCEJ7IfYkU5E7Sjmea0n0qK45DTXji5LvzePZWKJeJOT1Pqx3gkWMQI1kYK7PpjgDwmvBjrMcE8788Cu4GaaA5nlbglaUCJdmB/ecOEZDEVmnCs1MBFqfZzLDUjnM5qXqZoiskEj+jAUIFjqvx8Hn3mnBpl6ESJNE9oZ67+3shxrNQ0Ds1kEVEte4X4nzfIdHTp50ykmaaCLA5FGXd04hQ9OEMmKdF8aggmkpmsDhljiYk2bdVMCe7yl1dJ97zpoqZ7ixqtq7KOKhzDCZyBCxfQghtoQwcIPMAzvMKb9WS9WO/Wx2K0YpU7R/AH1ucPZhiUEQ==</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit><latexit sha1_base64="6Y7XE7AKOTW21Y5d79Q0QnooHyo=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzUUvsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF376lULBF3epJSP8ZDwSJGsDZSYNceA8djwouxHhHM8940sOtOw5kBLRO3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKfTqpcpmmIyxkPaN1TgmCo/n0WfohOjDFCUSPOERjP190aOY6UmcWgmi4hq0SvE/7x+pqNLP2cizTQVZH4oyjjSCSp6QAMmKdF8YggmkpmsiIywxESbtqqmBHfxy8ukc9ZwnYZ7e15vXpV1VOAIjuEUXLiAJtxAC9pA4AGe4RXerCfrxXq3PuajK1a5cwh/YH3+AGdYlBU=</latexit>

Z
<latexit sha1_base64="4VWcogDX3nt4yCJXG4sM+iAdXYs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfWAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IBpwkLYjKSPOKUoJV6/ZjgmBKRPc4G1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+WS5Fw</latexit><latexit sha1_base64="4VWcogDX3nt4yCJXG4sM+iAdXYs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfWAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IBpwkLYjKSPOKUoJV6/ZjgmBKRPc4G1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+WS5Fw</latexit><latexit sha1_base64="4VWcogDX3nt4yCJXG4sM+iAdXYs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfWAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IBpwkLYjKSPOKUoJV6/ZjgmBKRPc4G1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+WS5Fw</latexit><latexit sha1_base64="4VWcogDX3nt4yCJXG4sM+iAdXYs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfWAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IBpwkLYjKSPOKUoJV6/ZjgmBKRPc4G1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+WS5Fw</latexit>

⇡x
<latexit sha1_base64="xpe12gpjVTKiyLI9n5ch3EY6MgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3JtRKIecJLyIKZDJSLBKFrJ76Wi/9Sv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx/iQ464</latexit><latexit sha1_base64="xpe12gpjVTKiyLI9n5ch3EY6MgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3JtRKIecJLyIKZDJSLBKFrJ76Wi/9Sv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx/iQ464</latexit><latexit sha1_base64="xpe12gpjVTKiyLI9n5ch3EY6MgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3JtRKIecJLyIKZDJSLBKFrJ76Wi/9Sv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx/iQ464</latexit><latexit sha1_base64="xpe12gpjVTKiyLI9n5ch3EY6MgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3JtRKIecJLyIKZDJSLBKFrJ76Wi/9Sv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx/iQ464</latexit>

s 2 S
<latexit sha1_base64="wvwHTpeUtqiYCS37FNM2GAmPZY0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2gc0oUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hR+75FKxWLxoLOE+hEeCxYygrWRhnZdeUx4EdYTgnl+PxvaDafpzIFWiVuSBpRoD+0vbxSTNKJCE46VGrhOov0cS80Ip7OalyqaYDLFYzowVOCIKj+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFRLXsFeJ/3iDV4ZWfM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN12n6d5dNFrXZR1VOIYTOAMXLqEFt9CGDhBI4Rle4c16sl6sd+tjMVqxyp0j+APr8wcruZNo</latexit><latexit sha1_base64="wvwHTpeUtqiYCS37FNM2GAmPZY0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2gc0oUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hR+75FKxWLxoLOE+hEeCxYygrWRhnZdeUx4EdYTgnl+PxvaDafpzIFWiVuSBpRoD+0vbxSTNKJCE46VGrhOov0cS80Ip7OalyqaYDLFYzowVOCIKj+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFRLXsFeJ/3iDV4ZWfM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN12n6d5dNFrXZR1VOIYTOAMXLqEFt9CGDhBI4Rle4c16sl6sd+tjMVqxyp0j+APr8wcruZNo</latexit><latexit sha1_base64="wvwHTpeUtqiYCS37FNM2GAmPZY0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2gc0oUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hR+75FKxWLxoLOE+hEeCxYygrWRhnZdeUx4EdYTgnl+PxvaDafpzIFWiVuSBpRoD+0vbxSTNKJCE46VGrhOov0cS80Ip7OalyqaYDLFYzowVOCIKj+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFRLXsFeJ/3iDV4ZWfM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN12n6d5dNFrXZR1VOIYTOAMXLqEFt9CGDhBI4Rle4c16sl6sd+tjMVqxyp0j+APr8wcruZNo</latexit><latexit sha1_base64="wvwHTpeUtqiYCS37FNM2GAmPZY0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2gc0oUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hR+75FKxWLxoLOE+hEeCxYygrWRhnZdeUx4EdYTgnl+PxvaDafpzIFWiVuSBpRoD+0vbxSTNKJCE46VGrhOov0cS80Ip7OalyqaYDLFYzowVOCIKj+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFRLXsFeJ/3iDV4ZWfM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN12n6d5dNFrXZR1VOIYTOAMXLqEFt9CGDhBI4Rle4c16sl6sd+tjMVqxyp0j+APr8wcruZNo</latexit>x 2 X

<latexit sha1_base64="PUs1RgqGTQkbVSYEXUGb6LHMaI8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJmIN/RI3LhRx66e482+cpFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uR+74FKxWJxr2cJ9SM8FixkBGsjDe36o8eEF2E9IZhn/fnQbjhNpwBaJW5JGlCiPbS/vFFM0ogKTThWauA6ifYzLDUjnM5rXqpogskUj+nAUIEjqvysCD5Hp0YZoTCW5gmNCvX3RoYjpWZRYCbziGrZy8X/vEGqwys/YyJJNRVkcShMOdIxyltAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nSdpnt30Whdl3VU4RhO4AxcuIQW3EIbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx87LJNy</latexit><latexit sha1_base64="PUs1RgqGTQkbVSYEXUGb6LHMaI8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJmIN/RI3LhRx66e482+cpFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uR+74FKxWJxr2cJ9SM8FixkBGsjDe36o8eEF2E9IZhn/fnQbjhNpwBaJW5JGlCiPbS/vFFM0ogKTThWauA6ifYzLDUjnM5rXqpogskUj+nAUIEjqvysCD5Hp0YZoTCW5gmNCvX3RoYjpWZRYCbziGrZy8X/vEGqwys/YyJJNRVkcShMOdIxyltAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nSdpnt30Whdl3VU4RhO4AxcuIQW3EIbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx87LJNy</latexit><latexit sha1_base64="PUs1RgqGTQkbVSYEXUGb6LHMaI8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJmIN/RI3LhRx66e482+cpFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uR+74FKxWJxr2cJ9SM8FixkBGsjDe36o8eEF2E9IZhn/fnQbjhNpwBaJW5JGlCiPbS/vFFM0ogKTThWauA6ifYzLDUjnM5rXqpogskUj+nAUIEjqvysCD5Hp0YZoTCW5gmNCvX3RoYjpWZRYCbziGrZy8X/vEGqwys/YyJJNRVkcShMOdIxyltAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nSdpnt30Whdl3VU4RhO4AxcuIQW3EIbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx87LJNy</latexit><latexit sha1_base64="PUs1RgqGTQkbVSYEXUGb6LHMaI8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJmIN/RI3LhRx66e482+cpFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uR+74FKxWJxr2cJ9SM8FixkBGsjDe36o8eEF2E9IZhn/fnQbjhNpwBaJW5JGlCiPbS/vFFM0ogKTThWauA6ifYzLDUjnM5rXqpogskUj+nAUIEjqvysCD5Hp0YZoTCW5gmNCvX3RoYjpWZRYCbziGrZy8X/vEGqwys/YyJJNRVkcShMOdIxyltAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nSdpnt30Whdl3VU4RhO4AxcuIQW3EIbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx87LJNy</latexit>

WZ|X,s(z|x) = WZ|X,s(⇡x(z)|x0)
<latexit sha1_base64="yZC1LiCFild8bXp9OSx+UyfwgWU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYgpQZEXQjFN24rGAf2A5DJk3b0ExmSDLSdtpfcOOvuHGhiFt37vwb03YWtfXAhZNz7iX3Hj9iVCrb/jEyK6tr6xvZzdzW9s7unrl/UJVhLDCp4JCFou4jSRjlpKKoYqQeCYICn5Ga37uZ+LVHIiQN+b0aRMQNUIfTNsVIackzrZqXPIzqp1COreGoX7iaezcj6vWtYWHU9+yCZ+btoj0FXCZOSvIgRdkzv5utEMcB4QozJGXDsSPlJkgoihkZ55qxJBHCPdQhDU05Coh0k+lFY3iilRZsh0IXV3Cqzk8kKJByEPi6M0CqKxe9ifif14hV+9JNKI9iRTiefdSOGVQhnMQDW1QQrNhAE4QF1btC3EUCYaVDzOkQnMWTl0n1rOjYRefuPF+6TuPIgiNwDCzggAtQAregDCoAgyfwAt7Au/FsvBofxuesNWOkM4fgD4yvX2ganBg=</latexit><latexit sha1_base64="yZC1LiCFild8bXp9OSx+UyfwgWU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYgpQZEXQjFN24rGAf2A5DJk3b0ExmSDLSdtpfcOOvuHGhiFt37vwb03YWtfXAhZNz7iX3Hj9iVCrb/jEyK6tr6xvZzdzW9s7unrl/UJVhLDCp4JCFou4jSRjlpKKoYqQeCYICn5Ga37uZ+LVHIiQN+b0aRMQNUIfTNsVIackzrZqXPIzqp1COreGoX7iaezcj6vWtYWHU9+yCZ+btoj0FXCZOSvIgRdkzv5utEMcB4QozJGXDsSPlJkgoihkZ55qxJBHCPdQhDU05Coh0k+lFY3iilRZsh0IXV3Cqzk8kKJByEPi6M0CqKxe9ifif14hV+9JNKI9iRTiefdSOGVQhnMQDW1QQrNhAE4QF1btC3EUCYaVDzOkQnMWTl0n1rOjYRefuPF+6TuPIgiNwDCzggAtQAregDCoAgyfwAt7Au/FsvBofxuesNWOkM4fgD4yvX2ganBg=</latexit><latexit sha1_base64="yZC1LiCFild8bXp9OSx+UyfwgWU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYgpQZEXQjFN24rGAf2A5DJk3b0ExmSDLSdtpfcOOvuHGhiFt37vwb03YWtfXAhZNz7iX3Hj9iVCrb/jEyK6tr6xvZzdzW9s7unrl/UJVhLDCp4JCFou4jSRjlpKKoYqQeCYICn5Ga37uZ+LVHIiQN+b0aRMQNUIfTNsVIackzrZqXPIzqp1COreGoX7iaezcj6vWtYWHU9+yCZ+btoj0FXCZOSvIgRdkzv5utEMcB4QozJGXDsSPlJkgoihkZ55qxJBHCPdQhDU05Coh0k+lFY3iilRZsh0IXV3Cqzk8kKJByEPi6M0CqKxe9ifif14hV+9JNKI9iRTiefdSOGVQhnMQDW1QQrNhAE4QF1btC3EUCYaVDzOkQnMWTl0n1rOjYRefuPF+6TuPIgiNwDCzggAtQAregDCoAgyfwAt7Au/FsvBofxuesNWOkM4fgD4yvX2ganBg=</latexit><latexit sha1_base64="yZC1LiCFild8bXp9OSx+UyfwgWU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYgpQZEXQjFN24rGAf2A5DJk3b0ExmSDLSdtpfcOOvuHGhiFt37vwb03YWtfXAhZNz7iX3Hj9iVCrb/jEyK6tr6xvZzdzW9s7unrl/UJVhLDCp4JCFou4jSRjlpKKoYqQeCYICn5Ga37uZ+LVHIiQN+b0aRMQNUIfTNsVIackzrZqXPIzqp1COreGoX7iaezcj6vWtYWHU9+yCZ+btoj0FXCZOSvIgRdkzv5utEMcB4QozJGXDsSPlJkgoihkZ55qxJBHCPdQhDU05Coh0k+lFY3iilRZsh0IXV3Cqzk8kKJByEPi6M0CqKxe9ifif14hV+9JNKI9iRTiefdSOGVQhnMQDW1QQrNhAE4QF1btC3EUCYaVDzOkQnMWTl0n1rOjYRefuPF+6TuPIgiNwDCzggAtQAregDCoAgyfwAt7Au/FsvBofxuesNWOkM4fgD4yvX2ganBg=</latexit>

Copen =

8
<

:

(R,E) 2 R2
+ :

R 6 maxPX mins2S I(PX ,WY |X,s)
E 6 maxPX �(PX)

9
=

;
<latexit sha1_base64="cQWd14JrEL85aRctlj+EpIE7zgg="></latexit><latexit sha1_base64="cQWd14JrEL85aRctlj+EpIE7zgg="></latexit><latexit sha1_base64="cQWd14JrEL85aRctlj+EpIE7zgg="></latexit><latexit sha1_base64="cQWd14JrEL85aRctlj+EpIE7zgg="></latexit>
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MAIN RESULTS: TRADEOFF FOR CLOSED LOOP STRATEGIES 6

THEOREM: INNER BOUND FOR RATE AND EXPONENT REGION FOR CLOSED-LOOP 
    Joint communication and sensing region 


where

Cs
closed ◆

[

PX2PX

8
<

:

(R,E) 2 R2
+ :

R 6 I(PX ,WY |X,s)
E 6  s(PX)

9
=

;
<latexit sha1_base64="OjZ27QidW8sXQfOPHnMhFNt6xU0="></latexit><latexit sha1_base64="OjZ27QidW8sXQfOPHnMhFNt6xU0="></latexit><latexit sha1_base64="OjZ27QidW8sXQfOPHnMhFNt6xU0="></latexit><latexit sha1_base64="OjZ27QidW8sXQfOPHnMhFNt6xU0="></latexit>

 s(PX) = min
s0 6=s

max
`2[0,1]

�
X

x

PX(x) log

 
X

z

WZ|X,s(z|x)`WZ|X,s0(z|x)1�`

!

<latexit sha1_base64="h2ZpaqSraACI6KFJWmjEXSkIgSU="></latexit><latexit sha1_base64="h2ZpaqSraACI6KFJWmjEXSkIgSU="></latexit><latexit sha1_base64="h2ZpaqSraACI6KFJWmjEXSkIgSU="></latexit><latexit sha1_base64="h2ZpaqSraACI6KFJWmjEXSkIgSU="></latexit>

▶ STATE-DEPENDENT PERFORMANCE METRICS 
▶ State-dependent communication-error probability: 


▶ State-dependent detection-error probability: 


▶ State-dependent detection-error exponent: 

P (n)
c,s , max

w
P(h(Y n) 6= w|W = w, S = s)

<latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit>

P (n)
c,s , max

w
P(h(Y n) 6= w|W = w, S = s)

<latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit><latexit sha1_base64="UIu1RLrm+4esAtuw7i6DlvXCmSc="></latexit>

E(n)
d,s , � 1

n
logP (n)

d,s
<latexit sha1_base64="bT5h7Mi5U0XB2ixnaPYcoVBgq/A="></latexit><latexit sha1_base64="bT5h7Mi5U0XB2ixnaPYcoVBgq/A="></latexit><latexit sha1_base64="bT5h7Mi5U0XB2ixnaPYcoVBgq/A="></latexit><latexit sha1_base64="bT5h7Mi5U0XB2ixnaPYcoVBgq/A="></latexit>
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NUMERICAL ILLUSTRATION: TRADEOFF FOR OPEN LOOP AND CLOSED LOOP

▶ SIMULATION RESULTS FOR OPEN LOOP AND CLOSED LOOP REGIONS

7

0.00 0.05 0.10 0.15 0.20 0.25

Achievable Rate (bits per channel use)

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

A
c
h
ie
v
a
b
le

E
x
p
o
n
e
n
t
(
A
U
)

Closed Loop, s = 0

Closed Loop, s = 1

Closed Loop, s = 2

Open Loop
S

X
0 1

0 0.9 0.3
1 0.8 0.2
2 0.7 0.2

Table 1: Table for WZ|X,S(0) = WY |X,S(0)
for all X 2 {0, 1} and S 2 {0, 1, 2}.

<latexit sha1_base64="V7olkhZdLm/grr9XNVh9wg6RNPc="></latexit><latexit sha1_base64="V7olkhZdLm/grr9XNVh9wg6RNPc="></latexit><latexit sha1_base64="V7olkhZdLm/grr9XNVh9wg6RNPc="></latexit><latexit sha1_base64="V7olkhZdLm/grr9XNVh9wg6RNPc="></latexit>
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▶ SIMULATION RESULT FOR NO TRADEOFF EXAMPLE

NUMERICAL ILLUSTRATION: SITUATION WITH NO TRADEOFF 8

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Achievable Rate (bits per channel use)

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

A
c
h
ie
v
a
b
le

E
x
p
o
n
e
n
t
(
A
U
)

Open Loop

S
X

0 1

0 0.9 0.1
1 0.8 0.2
2 0.7 0.3

Table 1: Table for WZ|X,S(0) = WY |X,S(0)
for all X 2 {0, 1} and S 2 {0, 1, 2}.

<latexit sha1_base64="tHSpLpUxhSh/Byoz7uACjX2Q0Sk="></latexit><latexit sha1_base64="tHSpLpUxhSh/Byoz7uACjX2Q0Sk="></latexit><latexit sha1_base64="tHSpLpUxhSh/Byoz7uACjX2Q0Sk="></latexit><latexit sha1_base64="tHSpLpUxhSh/Byoz7uACjX2Q0Sk="></latexit>
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OPEN LOOP ACHIEVABILITY 9

DEFINITION: ACHIEVABILITY OF RATE AND EXPONENT PAIR 
      is achievable if for every            , there exists     large enough and a code     of length      such that(R,E)

<latexit sha1_base64="mJD4xAI9eAhkADVgwkzngQnOtqI=">AAACKnicbVDLSsNAFJ3UV62Ptrp0M1iEClISEXRZFMFlFdMW2lBuJtN26OTBzEQMod/gVv/Br3FX3PohTtosbOuBgcM59zLnHjfiTCrTnBmFjc2t7Z3ibmlv/+CwXKketWUYC0JtEvJQdF2QlLOA2oopTruRoOC7nHbcyV3md16okCwMnlUSUceHUcCGjIDSkl1/urg/H1RqZsOcA68TKyc1lKM1qBrlvheS2KeBIhyk7FlmpJwUhGKE02mpH0saAZnAiPY0DcCn0knnaaf4TCseHoZCv0Dhufp3IwVfysR39aQPaixXvUz83xMCkqXPU4/ByA1fl0UCUXb8Skw1vHFSFkSxogFZpBzGHKsQZ71hjwlKFE80ASKYPhSTMQggSrdb0hVaq4Wtk/ZlwzIb1uNVrXmbl1lEJ+gU1ZGFrlETPaAWshFBDL2hd/RhfBpfxsz4XowWjHznGC3B+PkFdFymhQ==</latexit><latexit sha1_base64="mJD4xAI9eAhkADVgwkzngQnOtqI=">AAACKnicbVDLSsNAFJ3UV62Ptrp0M1iEClISEXRZFMFlFdMW2lBuJtN26OTBzEQMod/gVv/Br3FX3PohTtosbOuBgcM59zLnHjfiTCrTnBmFjc2t7Z3ibmlv/+CwXKketWUYC0JtEvJQdF2QlLOA2oopTruRoOC7nHbcyV3md16okCwMnlUSUceHUcCGjIDSkl1/urg/H1RqZsOcA68TKyc1lKM1qBrlvheS2KeBIhyk7FlmpJwUhGKE02mpH0saAZnAiPY0DcCn0knnaaf4TCseHoZCv0Dhufp3IwVfysR39aQPaixXvUz83xMCkqXPU4/ByA1fl0UCUXb8Skw1vHFSFkSxogFZpBzGHKsQZ71hjwlKFE80ASKYPhSTMQggSrdb0hVaq4Wtk/ZlwzIb1uNVrXmbl1lEJ+gU1ZGFrlETPaAWshFBDL2hd/RhfBpfxsz4XowWjHznGC3B+PkFdFymhQ==</latexit><latexit sha1_base64="mJD4xAI9eAhkADVgwkzngQnOtqI=">AAACKnicbVDLSsNAFJ3UV62Ptrp0M1iEClISEXRZFMFlFdMW2lBuJtN26OTBzEQMod/gVv/Br3FX3PohTtosbOuBgcM59zLnHjfiTCrTnBmFjc2t7Z3ibmlv/+CwXKketWUYC0JtEvJQdF2QlLOA2oopTruRoOC7nHbcyV3md16okCwMnlUSUceHUcCGjIDSkl1/urg/H1RqZsOcA68TKyc1lKM1qBrlvheS2KeBIhyk7FlmpJwUhGKE02mpH0saAZnAiPY0DcCn0knnaaf4TCseHoZCv0Dhufp3IwVfysR39aQPaixXvUz83xMCkqXPU4/ByA1fl0UCUXb8Skw1vHFSFkSxogFZpBzGHKsQZ71hjwlKFE80ASKYPhSTMQggSrdb0hVaq4Wtk/ZlwzIb1uNVrXmbl1lEJ+gU1ZGFrlETPaAWshFBDL2hd/RhfBpfxsz4XowWjHznGC3B+PkFdFymhQ==</latexit><latexit sha1_base64="mJD4xAI9eAhkADVgwkzngQnOtqI=">AAACKnicbVDLSsNAFJ3UV62Ptrp0M1iEClISEXRZFMFlFdMW2lBuJtN26OTBzEQMod/gVv/Br3FX3PohTtosbOuBgcM59zLnHjfiTCrTnBmFjc2t7Z3ibmlv/+CwXKketWUYC0JtEvJQdF2QlLOA2oopTruRoOC7nHbcyV3md16okCwMnlUSUceHUcCGjIDSkl1/urg/H1RqZsOcA68TKyc1lKM1qBrlvheS2KeBIhyk7FlmpJwUhGKE02mpH0saAZnAiPY0DcCn0knnaaf4TCseHoZCv0Dhufp3IwVfysR39aQPaixXvUz83xMCkqXPU4/ByA1fl0UCUXb8Skw1vHFSFkSxogFZpBzGHKsQZ71hjwlKFE80ASKYPhSTMQggSrdb0hVaq4Wtk/ZlwzIb1uNVrXmbl1lEJ+gU1ZGFrlETPaAWshFBDL2hd/RhfBpfxsz4XowWjHznGC3B+PkFdFymhQ==</latexit>

✏ > 0
<latexit sha1_base64="xTYnlQ4tA5aGDAKGKvutojwh0jM=">AAACL3icbVDLSsNAFJ34rPXRVpdugkVwVRIRdCVFNy4r2Ae2odxMJu3QyUyYmYgh9C/c6j/4NeJG3PoXTtosbOuBgcM593LPHD9mVGnH+bTW1jc2t7ZLO+Xdvf2DSrV22FEikZi0sWBC9nxQhFFO2ppqRnqxJBD5jHT9yW3ud5+IVFTwB53GxItgxGlIMWgjPQ5IrCgT/NoZVutOw5nBXiVuQeqoQGtYsyqDQOAkIlxjBkr1XSfWXgZSU8zItDxIFIkBT2BE+oZyiIjyslnkqX1qlMAOhTSPa3um/t3IIFIqjXwzGYEeq2UvF//3pIR04XgWUBj54nlRxBDnDSzF1OGVl1EeJ5pwPE8ZJszWws7LswMqCdYsNQSwpOajNh6DBKxNxWVTobtc2CrpnDdcp+HeX9SbN0WZJXSMTtAZctElaqI71EJthBFHL+gVvVnv1of1ZX3PR9esYucILcD6+QX4BKln</latexit><latexit sha1_base64="xTYnlQ4tA5aGDAKGKvutojwh0jM=">AAACL3icbVDLSsNAFJ34rPXRVpdugkVwVRIRdCVFNy4r2Ae2odxMJu3QyUyYmYgh9C/c6j/4NeJG3PoXTtosbOuBgcM593LPHD9mVGnH+bTW1jc2t7ZLO+Xdvf2DSrV22FEikZi0sWBC9nxQhFFO2ppqRnqxJBD5jHT9yW3ud5+IVFTwB53GxItgxGlIMWgjPQ5IrCgT/NoZVutOw5nBXiVuQeqoQGtYsyqDQOAkIlxjBkr1XSfWXgZSU8zItDxIFIkBT2BE+oZyiIjyslnkqX1qlMAOhTSPa3um/t3IIFIqjXwzGYEeq2UvF//3pIR04XgWUBj54nlRxBDnDSzF1OGVl1EeJ5pwPE8ZJszWws7LswMqCdYsNQSwpOajNh6DBKxNxWVTobtc2CrpnDdcp+HeX9SbN0WZJXSMTtAZctElaqI71EJthBFHL+gVvVnv1of1ZX3PR9esYucILcD6+QX4BKln</latexit><latexit sha1_base64="xTYnlQ4tA5aGDAKGKvutojwh0jM=">AAACL3icbVDLSsNAFJ34rPXRVpdugkVwVRIRdCVFNy4r2Ae2odxMJu3QyUyYmYgh9C/c6j/4NeJG3PoXTtosbOuBgcM593LPHD9mVGnH+bTW1jc2t7ZLO+Xdvf2DSrV22FEikZi0sWBC9nxQhFFO2ppqRnqxJBD5jHT9yW3ud5+IVFTwB53GxItgxGlIMWgjPQ5IrCgT/NoZVutOw5nBXiVuQeqoQGtYsyqDQOAkIlxjBkr1XSfWXgZSU8zItDxIFIkBT2BE+oZyiIjyslnkqX1qlMAOhTSPa3um/t3IIFIqjXwzGYEeq2UvF//3pIR04XgWUBj54nlRxBDnDSzF1OGVl1EeJ5pwPE8ZJszWws7LswMqCdYsNQSwpOajNh6DBKxNxWVTobtc2CrpnDdcp+HeX9SbN0WZJXSMTtAZctElaqI71EJthBFHL+gVvVnv1of1ZX3PR9esYucILcD6+QX4BKln</latexit><latexit sha1_base64="xTYnlQ4tA5aGDAKGKvutojwh0jM=">AAACL3icbVDLSsNAFJ34rPXRVpdugkVwVRIRdCVFNy4r2Ae2odxMJu3QyUyYmYgh9C/c6j/4NeJG3PoXTtosbOuBgcM593LPHD9mVGnH+bTW1jc2t7ZLO+Xdvf2DSrV22FEikZi0sWBC9nxQhFFO2ppqRnqxJBD5jHT9yW3ud5+IVFTwB53GxItgxGlIMWgjPQ5IrCgT/NoZVutOw5nBXiVuQeqoQGtYsyqDQOAkIlxjBkr1XSfWXgZSU8zItDxIFIkBT2BE+oZyiIjyslnkqX1qlMAOhTSPa3um/t3IIFIqjXwzGYEeq2UvF//3pIR04XgWUBj54nlRxBDnDSzF1OGVl1EeJ5pwPE8ZJszWws7LswMqCdYsNQSwpOajNh6DBKxNxWVTobtc2CrpnDdcp+HeX9SbN0WZJXSMTtAZctElaqI71EJthBFHL+gVvVnv1of1ZX3PR9esYucILcD6+QX4BKln</latexit>

C
<latexit sha1_base64="EppUfI5SPeEuGhcaaLKWl/AQzPw=">AAACMHicbVDLSsNAFJ3UV62Ptrp0EyyCq5KIoMtiNy4r2Ae0odxMJu3QyUyYmYgh9DPc6j/4NboSt36FkzYL23pg4HDOvdwzx48ZVdpxPq3S1vbO7l55v3JweHRcrdVPekokEpMuFkzIgQ+KMMpJV1PNyCCWBCKfkb4/a+d+/4lIRQV/1GlMvAgmnIYUgzbScBSBnmJgWXs+rjWcprOAvUncgjRQgc64blVHgcBJRLjGDJQauk6svQykppiReWWUKBIDnsGEDA3lEBHlZYvMc/vCKIEdCmke1/ZC/buRQaRUGvlmMs+o1r1c/N+TEtKV41lAYeKL51URQ5xXsBZTh7deRnmcaMLxMmWYMFsLO2/PDqgkWLPUEMCSmo/aeAoSsDYdV0yF7nphm6R31XSdpvtw3WjdFWWW0Rk6R5fIRTeohe5RB3URRgK9oFf0Zr1bH9aX9b0cLVnFzilagfXzC1Enqh4=</latexit><latexit sha1_base64="EppUfI5SPeEuGhcaaLKWl/AQzPw=">AAACMHicbVDLSsNAFJ3UV62Ptrp0EyyCq5KIoMtiNy4r2Ae0odxMJu3QyUyYmYgh9DPc6j/4NboSt36FkzYL23pg4HDOvdwzx48ZVdpxPq3S1vbO7l55v3JweHRcrdVPekokEpMuFkzIgQ+KMMpJV1PNyCCWBCKfkb4/a+d+/4lIRQV/1GlMvAgmnIYUgzbScBSBnmJgWXs+rjWcprOAvUncgjRQgc64blVHgcBJRLjGDJQauk6svQykppiReWWUKBIDnsGEDA3lEBHlZYvMc/vCKIEdCmke1/ZC/buRQaRUGvlmMs+o1r1c/N+TEtKV41lAYeKL51URQ5xXsBZTh7deRnmcaMLxMmWYMFsLO2/PDqgkWLPUEMCSmo/aeAoSsDYdV0yF7nphm6R31XSdpvtw3WjdFWWW0Rk6R5fIRTeohe5RB3URRgK9oFf0Zr1bH9aX9b0cLVnFzilagfXzC1Enqh4=</latexit><latexit sha1_base64="EppUfI5SPeEuGhcaaLKWl/AQzPw=">AAACMHicbVDLSsNAFJ3UV62Ptrp0EyyCq5KIoMtiNy4r2Ae0odxMJu3QyUyYmYgh9DPc6j/4NboSt36FkzYL23pg4HDOvdwzx48ZVdpxPq3S1vbO7l55v3JweHRcrdVPekokEpMuFkzIgQ+KMMpJV1PNyCCWBCKfkb4/a+d+/4lIRQV/1GlMvAgmnIYUgzbScBSBnmJgWXs+rjWcprOAvUncgjRQgc64blVHgcBJRLjGDJQauk6svQykppiReWWUKBIDnsGEDA3lEBHlZYvMc/vCKIEdCmke1/ZC/buRQaRUGvlmMs+o1r1c/N+TEtKV41lAYeKL51URQ5xXsBZTh7deRnmcaMLxMmWYMFsLO2/PDqgkWLPUEMCSmo/aeAoSsDYdV0yF7nphm6R31XSdpvtw3WjdFWWW0Rk6R5fIRTeohe5RB3URRgK9oFf0Zr1bH9aX9b0cLVnFzilagfXzC1Enqh4=</latexit><latexit sha1_base64="EppUfI5SPeEuGhcaaLKWl/AQzPw=">AAACMHicbVDLSsNAFJ3UV62Ptrp0EyyCq5KIoMtiNy4r2Ae0odxMJu3QyUyYmYgh9DPc6j/4NboSt36FkzYL23pg4HDOvdwzx48ZVdpxPq3S1vbO7l55v3JweHRcrdVPekokEpMuFkzIgQ+KMMpJV1PNyCCWBCKfkb4/a+d+/4lIRQV/1GlMvAgmnIYUgzbScBSBnmJgWXs+rjWcprOAvUncgjRQgc64blVHgcBJRLjGDJQauk6svQykppiReWWUKBIDnsGEDA3lEBHlZYvMc/vCKIEdCmke1/ZC/buRQaRUGvlmMs+o1r1c/N+TEtKV41lAYeKL51URQ5xXsBZTh7deRnmcaMLxMmWYMFsLO2/PDqgkWLPUEMCSmo/aeAoSsDYdV0yF7nphm6R31XSdpvtw3WjdFWWW0Rk6R5fIRTeohe5RB3URRgK9oFf0Zr1bH9aX9b0cLVnFzilagfXzC1Enqh4=</latexit>

n
<latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit>

n
<latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit><latexit sha1_base64="jERgYaw1I7Feg92UbFn0b8QrRbs=">AAACJnicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy5bsA9oQ7mZTNqhk0mYmYgh9Avc6j/4Ne5E3PkpTtosbOuBgcM59zLnHi/mTGnb/salre2d3b3yfuXg8Oi4Wquf9FSUSEK7JOKRHHigKGeCdjXTnA5iSSH0OO17s/vc7z9RqVgkHnUaUzeEiWABI6CN1BHjWsNu2gtYm8QpSAMVaI/ruDryI5KEVGjCQamhY8fazUBqRjidV0aJojGQGUzo0FABIVVutkg6ty6M4ltBJM0T2lqofzcyCJVKQ89MhqCnat3Lxf89KSFd+TzzGUy86HlVJBDnh6/F1MGtmzERJ5oKskwZJNzSkZV3ZvlMUqJ5aggQycyhFpmCBKJNsxVTobNe2CbpXTUdu+l0rhutu6LMMjpD5+gSOegGtdADaqMuIoiiF/SK3vA7/sCf+Gs5WsLFzilaAf75Bbmrpbc=</latexit>

P (n)
c 6 ✏,

E(n)
d > E � ✏,

1

n
log |C| > R� ✏

<latexit sha1_base64="Spdo6V8lRC+ej02/fn6WsCW3vR8="></latexit><latexit sha1_base64="Spdo6V8lRC+ej02/fn6WsCW3vR8="></latexit><latexit sha1_base64="Spdo6V8lRC+ej02/fn6WsCW3vR8="></latexit><latexit sha1_base64="Spdo6V8lRC+ej02/fn6WsCW3vR8="></latexit>

▶ SKETCH OF PROOF: 
▶ Fix the type of codewords, 

▶ By the Compound Channel Coding Theorem [Blackwell et al.’59],                                       is achievable

▶ By Open Loop hypothesis testing [Naghshvar-Javidi’13, Nitinawarat et al.’13], the exponent 


is asymptotically achievable

PX
<latexit sha1_base64="vrmbN0wQNx1E04Oxg7mBO2v1DaI=">AAACKHicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy4r2ge0odxMJu3QySTMTMQQ+glu9R/8GnfSrV/ipM3Cth4YOJxzL3Pu8WLOlLbtOS5tbe/s7pX3KweHR8fVWv2kq6JEEtohEY9k3wNFORO0o5nmtB9LCqHHac+b3ud+74VKxSLxrNOYuiGMBQsYAW2kp/aoP6o17Ka9gLVJnII0UIH2qI6rQz8iSUiFJhyUGjh2rN0MpGaE01llmCgaA5nCmA4MFRBS5WaLrDPrwii+FUTSPKGthfp3I4NQqTT0zGQIeqLWvVz835MS0pXPM5/B2IteV0UCcX76Wkwd3LoZE3GiqSDLlEHCLR1ZeWuWzyQlmqeGAJHMHGqRCUgg2nRbMRU664Vtku5V07GbzuN1o3VXlFlGZ+gcXSIH3aAWekBt1EEEjdEbekcf+BN/4W88X46WcLFzilaAf34BEgCmZA==</latexit><latexit sha1_base64="vrmbN0wQNx1E04Oxg7mBO2v1DaI=">AAACKHicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy4r2ge0odxMJu3QySTMTMQQ+glu9R/8GnfSrV/ipM3Cth4YOJxzL3Pu8WLOlLbtOS5tbe/s7pX3KweHR8fVWv2kq6JEEtohEY9k3wNFORO0o5nmtB9LCqHHac+b3ud+74VKxSLxrNOYuiGMBQsYAW2kp/aoP6o17Ka9gLVJnII0UIH2qI6rQz8iSUiFJhyUGjh2rN0MpGaE01llmCgaA5nCmA4MFRBS5WaLrDPrwii+FUTSPKGthfp3I4NQqTT0zGQIeqLWvVz835MS0pXPM5/B2IteV0UCcX76Wkwd3LoZE3GiqSDLlEHCLR1ZeWuWzyQlmqeGAJHMHGqRCUgg2nRbMRU664Vtku5V07GbzuN1o3VXlFlGZ+gcXSIH3aAWekBt1EEEjdEbekcf+BN/4W88X46WcLFzilaAf34BEgCmZA==</latexit><latexit sha1_base64="vrmbN0wQNx1E04Oxg7mBO2v1DaI=">AAACKHicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy4r2ge0odxMJu3QySTMTMQQ+glu9R/8GnfSrV/ipM3Cth4YOJxzL3Pu8WLOlLbtOS5tbe/s7pX3KweHR8fVWv2kq6JEEtohEY9k3wNFORO0o5nmtB9LCqHHac+b3ud+74VKxSLxrNOYuiGMBQsYAW2kp/aoP6o17Ka9gLVJnII0UIH2qI6rQz8iSUiFJhyUGjh2rN0MpGaE01llmCgaA5nCmA4MFRBS5WaLrDPrwii+FUTSPKGthfp3I4NQqTT0zGQIeqLWvVz835MS0pXPM5/B2IteV0UCcX76Wkwd3LoZE3GiqSDLlEHCLR1ZeWuWzyQlmqeGAJHMHGqRCUgg2nRbMRU664Vtku5V07GbzuN1o3VXlFlGZ+gcXSIH3aAWekBt1EEEjdEbekcf+BN/4W88X46WcLFzilaAf34BEgCmZA==</latexit><latexit sha1_base64="vrmbN0wQNx1E04Oxg7mBO2v1DaI=">AAACKHicbVDLSsNAFJ2pr1ofbXXpJlgEVyURQZdFNy4r2ge0odxMJu3QySTMTMQQ+glu9R/8GnfSrV/ipM3Cth4YOJxzL3Pu8WLOlLbtOS5tbe/s7pX3KweHR8fVWv2kq6JEEtohEY9k3wNFORO0o5nmtB9LCqHHac+b3ud+74VKxSLxrNOYuiGMBQsYAW2kp/aoP6o17Ka9gLVJnII0UIH2qI6rQz8iSUiFJhyUGjh2rN0MpGaE01llmCgaA5nCmA4MFRBS5WaLrDPrwii+FUTSPKGthfp3I4NQqTT0zGQIeqLWvVz835MS0pXPM5/B2IteV0UCcX76Wkwd3LoZE3GiqSDLlEHCLR1ZeWuWzyQlmqeGAJHMHGqRCUgg2nRbMRU664Vtku5V07GbzuN1o3VXlFlGZ+gcXSIH3aAWekBt1EEEjdEbekcf+BN/4W88X46WcLFzilaAf34BEgCmZA==</latexit>

R = min
s2S

I(PX ,WY |X,s)
<latexit sha1_base64="QBncecFYM1tCacqmOKQZsigfMcM="></latexit><latexit sha1_base64="QBncecFYM1tCacqmOKQZsigfMcM="></latexit><latexit sha1_base64="QBncecFYM1tCacqmOKQZsigfMcM="></latexit><latexit sha1_base64="QBncecFYM1tCacqmOKQZsigfMcM="></latexit>

�(PX) = min
s2S

min
s0 6=s

max
`2[0,1]

�
X

x

PX(x) log

 
X

z

WZ|x,s(z)
`WZ|x,s0(z)

1�`

!

<latexit sha1_base64="lPq3eXrnEfa7KovPfb4/oL7CLno="></latexit><latexit sha1_base64="lPq3eXrnEfa7KovPfb4/oL7CLno="></latexit><latexit sha1_base64="lPq3eXrnEfa7KovPfb4/oL7CLno="></latexit><latexit sha1_base64="lPq3eXrnEfa7KovPfb4/oL7CLno="></latexit>
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OPEN LOOP CONVERSE

SKETCH OF PROOF: 
▶ Assume that               is achievable


▶ Since there are at most polynomial number of types, there exists a type set    , such that for all                with subcode        

▶ Probability of error for reliable communication is small

▶ Subcode includes almost all codes

▶ Rate of the subcode is upper bounded by 


▶ Choose 


▶ Then the probability of error is dominated by the probability of error of the subcode

▶ Since it has a fixed type the error exponent is bounded by 

10

(R,E)
<latexit sha1_base64="3V+jxMX2Yy33PKvblrFKMAs5KEI=">AAACIHicbVBdSwJBFJ2tLNu+tB57WRLBQGQ3gnqUIujRolVBF5kdZ3VwPpaZ2WoRf0Ov9dqv6S16rF/TqPtg2oELh3PuhXNPGFOitOt+W2vrG7nNrfy2vbO7t39QKB42lUgkwj4SVMh2CBWmhGNfE01xO5YYspDiVji6nvqtRywVEfxBpzEOGBxwEhEEtZH8yn315rRXKLk1dwZnlXgZKYEMjV7RynX7AiUMc40oVKrjubEOxlBqgiie2N1E4RiiERzgjqEcMqyC8SztxCkbpe9EQprh2pmpixdjyJRKWWg2GdRDtexNxf89KWE6scuLmjLxhqF4rrKEaiLF01I4HV0GY8LjRGOO5tmihDpaONO2nD6RGGmaGgKRJOY9Bw2hhEibTm1TnLdc0yppntU8t+bdnZfqV1mFeXAMTkAFeOAC1MEtaAAfIEDAC3gFb9a79WF9Wl/z1TUruzkCf2D9/AKT/aI+</latexit><latexit sha1_base64="3V+jxMX2Yy33PKvblrFKMAs5KEI=">AAACIHicbVBdSwJBFJ2tLNu+tB57WRLBQGQ3gnqUIujRolVBF5kdZ3VwPpaZ2WoRf0Ov9dqv6S16rF/TqPtg2oELh3PuhXNPGFOitOt+W2vrG7nNrfy2vbO7t39QKB42lUgkwj4SVMh2CBWmhGNfE01xO5YYspDiVji6nvqtRywVEfxBpzEOGBxwEhEEtZH8yn315rRXKLk1dwZnlXgZKYEMjV7RynX7AiUMc40oVKrjubEOxlBqgiie2N1E4RiiERzgjqEcMqyC8SztxCkbpe9EQprh2pmpixdjyJRKWWg2GdRDtexNxf89KWE6scuLmjLxhqF4rrKEaiLF01I4HV0GY8LjRGOO5tmihDpaONO2nD6RGGmaGgKRJOY9Bw2hhEibTm1TnLdc0yppntU8t+bdnZfqV1mFeXAMTkAFeOAC1MEtaAAfIEDAC3gFb9a79WF9Wl/z1TUruzkCf2D9/AKT/aI+</latexit><latexit sha1_base64="3V+jxMX2Yy33PKvblrFKMAs5KEI=">AAACIHicbVBdSwJBFJ2tLNu+tB57WRLBQGQ3gnqUIujRolVBF5kdZ3VwPpaZ2WoRf0Ov9dqv6S16rF/TqPtg2oELh3PuhXNPGFOitOt+W2vrG7nNrfy2vbO7t39QKB42lUgkwj4SVMh2CBWmhGNfE01xO5YYspDiVji6nvqtRywVEfxBpzEOGBxwEhEEtZH8yn315rRXKLk1dwZnlXgZKYEMjV7RynX7AiUMc40oVKrjubEOxlBqgiie2N1E4RiiERzgjqEcMqyC8SztxCkbpe9EQprh2pmpixdjyJRKWWg2GdRDtexNxf89KWE6scuLmjLxhqF4rrKEaiLF01I4HV0GY8LjRGOO5tmihDpaONO2nD6RGGmaGgKRJOY9Bw2hhEibTm1TnLdc0yppntU8t+bdnZfqV1mFeXAMTkAFeOAC1MEtaAAfIEDAC3gFb9a79WF9Wl/z1TUruzkCf2D9/AKT/aI+</latexit><latexit sha1_base64="3V+jxMX2Yy33PKvblrFKMAs5KEI=">AAACIHicbVBdSwJBFJ2tLNu+tB57WRLBQGQ3gnqUIujRolVBF5kdZ3VwPpaZ2WoRf0Ov9dqv6S16rF/TqPtg2oELh3PuhXNPGFOitOt+W2vrG7nNrfy2vbO7t39QKB42lUgkwj4SVMh2CBWmhGNfE01xO5YYspDiVji6nvqtRywVEfxBpzEOGBxwEhEEtZH8yn315rRXKLk1dwZnlXgZKYEMjV7RynX7AiUMc40oVKrjubEOxlBqgiie2N1E4RiiERzgjqEcMqyC8SztxCkbpe9EQprh2pmpixdjyJRKWWg2GdRDtexNxf89KWE6scuLmjLxhqF4rrKEaiLF01I4HV0GY8LjRGOO5tmihDpaONO2nD6RGGmaGgKRJOY9Bw2hhEibTm1TnLdc0yppntU8t+bdnZfqV1mFeXAMTkAFeOAC1MEtaAAfIEDAC3gFb9a79WF9Wl/z1TUruzkCf2D9/AKT/aI+</latexit>

CPX
<latexit sha1_base64="3TlNcxn3MiG6Hzl1X8Llah1Njy0=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY7MVjBfsBbQib7aZdupsNuxtrCPkpXvXqrxE8iFd/hps2h9o68GCYeQ/mjR9RIpVtfxqlre3yzm5lz9w/ODw6rtZOepLHAuEu4pSLgQ8lpiTEXUUUxYNIYMh8ivv+rJ37/ScsJOHho0oi7DI4CUlAEFRa8qq1EYNqiiBN25mXdrxB5lXrdtNewNokTkHqoEDHqxnl0ZijmOFQIQqlHDp2pNwUCkUQxZk5iiWOIJrBCR5qGkKGpZsusmdWQytjK+BCT6ishbp6kUImZcJ8vZknleteLv7vCQGTzGysalLHm/r8+ZLFVBHB52vhVHDrpiSMYoVDtMwWxNRS3Mq7s8ZEYKRooglEguj3LDSFAiKlGzZ1cc56TZukd9V07KbzcF1v3RUVVsAZOAcXwAE3oAXuQQd0AQJz8AJewZvxbnwYX8b3crVkFDen4A+Mn1/enaii</latexit><latexit sha1_base64="3TlNcxn3MiG6Hzl1X8Llah1Njy0=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY7MVjBfsBbQib7aZdupsNuxtrCPkpXvXqrxE8iFd/hps2h9o68GCYeQ/mjR9RIpVtfxqlre3yzm5lz9w/ODw6rtZOepLHAuEu4pSLgQ8lpiTEXUUUxYNIYMh8ivv+rJ37/ScsJOHho0oi7DI4CUlAEFRa8qq1EYNqiiBN25mXdrxB5lXrdtNewNokTkHqoEDHqxnl0ZijmOFQIQqlHDp2pNwUCkUQxZk5iiWOIJrBCR5qGkKGpZsusmdWQytjK+BCT6ishbp6kUImZcJ8vZknleteLv7vCQGTzGysalLHm/r8+ZLFVBHB52vhVHDrpiSMYoVDtMwWxNRS3Mq7s8ZEYKRooglEguj3LDSFAiKlGzZ1cc56TZukd9V07KbzcF1v3RUVVsAZOAcXwAE3oAXuQQd0AQJz8AJewZvxbnwYX8b3crVkFDen4A+Mn1/enaii</latexit><latexit sha1_base64="3TlNcxn3MiG6Hzl1X8Llah1Njy0=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY7MVjBfsBbQib7aZdupsNuxtrCPkpXvXqrxE8iFd/hps2h9o68GCYeQ/mjR9RIpVtfxqlre3yzm5lz9w/ODw6rtZOepLHAuEu4pSLgQ8lpiTEXUUUxYNIYMh8ivv+rJ37/ScsJOHho0oi7DI4CUlAEFRa8qq1EYNqiiBN25mXdrxB5lXrdtNewNokTkHqoEDHqxnl0ZijmOFQIQqlHDp2pNwUCkUQxZk5iiWOIJrBCR5qGkKGpZsusmdWQytjK+BCT6ishbp6kUImZcJ8vZknleteLv7vCQGTzGysalLHm/r8+ZLFVBHB52vhVHDrpiSMYoVDtMwWxNRS3Mq7s8ZEYKRooglEguj3LDSFAiKlGzZ1cc56TZukd9V07KbzcF1v3RUVVsAZOAcXwAE3oAXuQQd0AQJz8AJewZvxbnwYX8b3crVkFDen4A+Mn1/enaii</latexit><latexit sha1_base64="3TlNcxn3MiG6Hzl1X8Llah1Njy0=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY7MVjBfsBbQib7aZdupsNuxtrCPkpXvXqrxE8iFd/hps2h9o68GCYeQ/mjR9RIpVtfxqlre3yzm5lz9w/ODw6rtZOepLHAuEu4pSLgQ8lpiTEXUUUxYNIYMh8ivv+rJ37/ScsJOHho0oi7DI4CUlAEFRa8qq1EYNqiiBN25mXdrxB5lXrdtNewNokTkHqoEDHqxnl0ZijmOFQIQqlHDp2pNwUCkUQxZk5iiWOIJrBCR5qGkKGpZsusmdWQytjK+BCT6ishbp6kUImZcJ8vZknleteLv7vCQGTzGysalLHm/r8+ZLFVBHB52vhVHDrpiSMYoVDtMwWxNRS3Mq7s8ZEYKRooglEguj3LDSFAiKlGzZ1cc56TZukd9V07KbzcF1v3RUVVsAZOAcXwAE3oAXuQQd0AQJz8AJewZvxbnwYX8b3crVkFDen4A+Mn1/enaii</latexit>

T
<latexit sha1_base64="8ruobeGbjWK6C7DUn6qwjezgCRo=">AAACJnicbVBNS8NAFNxVqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWWz3bRLN7thd6OGkJ/hVa/+Gm8i3vwpbtocauvAg2HmPZg3fsSo0o7zDTc2t0rbO+Vda2//4PCoUj3uKhFLTDpYMCH7PlKEUU46mmpG+pEkKPQZ6fmzu9zvPRKpqOBtnUTEC9GE04BipI00GIZITzFiaTsbVWpOw5nDXiduQWqgQGtUhaXhWOA4JFxjhpQauE6kvRRJTTEjmTWMFYkQnqEJGRjKUUiUl84zZ3bdKGM7ENIM1/ZcXb5IUahUEvpmM8+oVr1c/N+TEiWZVV/WlIk39cXzRRgzTaV4WgmngxsvpTyKNeF4kS2Ima2FnXdmj6kkWLPEEIQlNe/ZeIokwto0a5ni3NWa1kn3suE6Dffhqta8LSosg1NwBs6BC65BE9yDFugADAR4Aa/gDb7DD/gJvxarG7C4OQF/AH9+AWwzpeg=</latexit><latexit sha1_base64="8ruobeGbjWK6C7DUn6qwjezgCRo=">AAACJnicbVBNS8NAFNxVqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWWz3bRLN7thd6OGkJ/hVa/+Gm8i3vwpbtocauvAg2HmPZg3fsSo0o7zDTc2t0rbO+Vda2//4PCoUj3uKhFLTDpYMCH7PlKEUU46mmpG+pEkKPQZ6fmzu9zvPRKpqOBtnUTEC9GE04BipI00GIZITzFiaTsbVWpOw5nDXiduQWqgQGtUhaXhWOA4JFxjhpQauE6kvRRJTTEjmTWMFYkQnqEJGRjKUUiUl84zZ3bdKGM7ENIM1/ZcXb5IUahUEvpmM8+oVr1c/N+TEiWZVV/WlIk39cXzRRgzTaV4WgmngxsvpTyKNeF4kS2Ima2FnXdmj6kkWLPEEIQlNe/ZeIokwto0a5ni3NWa1kn3suE6Dffhqta8LSosg1NwBs6BC65BE9yDFugADAR4Aa/gDb7DD/gJvxarG7C4OQF/AH9+AWwzpeg=</latexit><latexit sha1_base64="8ruobeGbjWK6C7DUn6qwjezgCRo=">AAACJnicbVBNS8NAFNxVqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWWz3bRLN7thd6OGkJ/hVa/+Gm8i3vwpbtocauvAg2HmPZg3fsSo0o7zDTc2t0rbO+Vda2//4PCoUj3uKhFLTDpYMCH7PlKEUU46mmpG+pEkKPQZ6fmzu9zvPRKpqOBtnUTEC9GE04BipI00GIZITzFiaTsbVWpOw5nDXiduQWqgQGtUhaXhWOA4JFxjhpQauE6kvRRJTTEjmTWMFYkQnqEJGRjKUUiUl84zZ3bdKGM7ENIM1/ZcXb5IUahUEvpmM8+oVr1c/N+TEiWZVV/WlIk39cXzRRgzTaV4WgmngxsvpTyKNeF4kS2Ima2FnXdmj6kkWLPEEIQlNe/ZeIokwto0a5ni3NWa1kn3suE6Dffhqta8LSosg1NwBs6BC65BE9yDFugADAR4Aa/gDb7DD/gJvxarG7C4OQF/AH9+AWwzpeg=</latexit><latexit sha1_base64="8ruobeGbjWK6C7DUn6qwjezgCRo=">AAACJnicbVBNS8NAFNxVqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWWz3bRLN7thd6OGkJ/hVa/+Gm8i3vwpbtocauvAg2HmPZg3fsSo0o7zDTc2t0rbO+Vda2//4PCoUj3uKhFLTDpYMCH7PlKEUU46mmpG+pEkKPQZ6fmzu9zvPRKpqOBtnUTEC9GE04BipI00GIZITzFiaTsbVWpOw5nDXiduQWqgQGtUhaXhWOA4JFxjhpQauE6kvRRJTTEjmTWMFYkQnqEJGRjKUUiUl84zZ3bdKGM7ENIM1/ZcXb5IUahUEvpmM8+oVr1c/N+TEiWZVV/WlIk39cXzRRgzTaV4WgmngxsvpTyKNeF4kS2Ima2FnXdmj6kkWLPEEIQlNe/ZeIokwto0a5ni3NWa1kn3suE6Dffhqta8LSosg1NwBs6BC65BE9yDFugADAR4Aa/gDb7DD/gJvxarG7C4OQF/AH9+AWwzpeg=</latexit>

PX 2 T
<latexit sha1_base64="dWMdw0cN5g1EXIVejhNbZKMawAo=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWGz3bRLN7thd2MNIT/Fq179NYIH8erPcNPmUFsHHgwz78G88SNKpLLtT6O0tV3e2a3smfsHh0fH1dpJT/JYINxFnHIx8KHElDDcVURRPIgEhqFPcd+f3ed+/wkLSTjrqCTCbggnjAQEQaUlr1pre4MRYaMQqimCNO1kXrVuN+0FrE3iFKQOCrS9mlEejTmKQ8wUolDKoWNHyk2hUARRnJmjWOIIohmc4KGmDIZYuukie2Y1tDK2Ai70MGUt1NWLFIZSJqGvN/OMct3Lxf89IWCSmY1VTep4U58/X4YxVUTw+Vo4Fdy6KWFRrDBDy2xBTC3Frbw7a0wERoommkAkiH7PQlMoIFK6YVMX56zXtEl6V03HbjqP1/XWXVFhBZyBc3ABHHADWuABtEEXIDAHL+AVvBnvxofxZXwvV0tGcXMK/sD4+QW7RqiP</latexit><latexit sha1_base64="dWMdw0cN5g1EXIVejhNbZKMawAo=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWGz3bRLN7thd2MNIT/Fq179NYIH8erPcNPmUFsHHgwz78G88SNKpLLtT6O0tV3e2a3smfsHh0fH1dpJT/JYINxFnHIx8KHElDDcVURRPIgEhqFPcd+f3ed+/wkLSTjrqCTCbggnjAQEQaUlr1pre4MRYaMQqimCNO1kXrVuN+0FrE3iFKQOCrS9mlEejTmKQ8wUolDKoWNHyk2hUARRnJmjWOIIohmc4KGmDIZYuukie2Y1tDK2Ai70MGUt1NWLFIZSJqGvN/OMct3Lxf89IWCSmY1VTep4U58/X4YxVUTw+Vo4Fdy6KWFRrDBDy2xBTC3Frbw7a0wERoommkAkiH7PQlMoIFK6YVMX56zXtEl6V03HbjqP1/XWXVFhBZyBc3ABHHADWuABtEEXIDAHL+AVvBnvxofxZXwvV0tGcXMK/sD4+QW7RqiP</latexit><latexit sha1_base64="dWMdw0cN5g1EXIVejhNbZKMawAo=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWGz3bRLN7thd2MNIT/Fq179NYIH8erPcNPmUFsHHgwz78G88SNKpLLtT6O0tV3e2a3smfsHh0fH1dpJT/JYINxFnHIx8KHElDDcVURRPIgEhqFPcd+f3ed+/wkLSTjrqCTCbggnjAQEQaUlr1pre4MRYaMQqimCNO1kXrVuN+0FrE3iFKQOCrS9mlEejTmKQ8wUolDKoWNHyk2hUARRnJmjWOIIohmc4KGmDIZYuukie2Y1tDK2Ai70MGUt1NWLFIZSJqGvN/OMct3Lxf89IWCSmY1VTep4U58/X4YxVUTw+Vo4Fdy6KWFRrDBDy2xBTC3Frbw7a0wERoommkAkiH7PQlMoIFK6YVMX56zXtEl6V03HbjqP1/XWXVFhBZyBc3ABHHADWuABtEEXIDAHL+AVvBnvxofxZXwvV0tGcXMK/sD4+QW7RqiP</latexit><latexit sha1_base64="dWMdw0cN5g1EXIVejhNbZKMawAo=">AAACLnicbVBNS8NAFNxUqzV+tXr0EiwFD1ISEfRY9OKxQr+gDWGz3bRLN7thd2MNIT/Fq179NYIH8erPcNPmUFsHHgwz78G88SNKpLLtT6O0tV3e2a3smfsHh0fH1dpJT/JYINxFnHIx8KHElDDcVURRPIgEhqFPcd+f3ed+/wkLSTjrqCTCbggnjAQEQaUlr1pre4MRYaMQqimCNO1kXrVuN+0FrE3iFKQOCrS9mlEejTmKQ8wUolDKoWNHyk2hUARRnJmjWOIIohmc4KGmDIZYuukie2Y1tDK2Ai70MGUt1NWLFIZSJqGvN/OMct3Lxf89IWCSmY1VTep4U58/X4YxVUTw+Vo4Fdy6KWFRrDBDy2xBTC3Frbw7a0wERoommkAkiH7PQlMoIFK6YVMX56zXtEl6V03HbjqP1/XWXVFhBZyBc3ABHHADWuABtEEXIDAHL+AVvBnvxofxZXwvV0tGcXMK/sD4+QW7RqiP</latexit>

min
s

I
�
PX ,WY |X,s

�
<latexit sha1_base64="W7HTDB0ig77uKWUyf9ZrUslc8xo="></latexit><latexit sha1_base64="W7HTDB0ig77uKWUyf9ZrUslc8xo="></latexit><latexit sha1_base64="W7HTDB0ig77uKWUyf9ZrUslc8xo="></latexit><latexit sha1_base64="W7HTDB0ig77uKWUyf9ZrUslc8xo="></latexit>

P ⇤
X = argmin

PX2T
� (PX)

<latexit sha1_base64="DJ+Jv9r0oFnytcDFBHtUm5Ug2Hw="></latexit><latexit sha1_base64="DJ+Jv9r0oFnytcDFBHtUm5Ug2Hw="></latexit><latexit sha1_base64="DJ+Jv9r0oFnytcDFBHtUm5Ug2Hw="></latexit><latexit sha1_base64="DJ+Jv9r0oFnytcDFBHtUm5Ug2Hw="></latexit>

� (P ⇤
X)

<latexit sha1_base64="RGkUGdF2DXVcUm7FjBwoT5Ybqhw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARqouSiKDLohuXFewDmhgm00kzdPJg5kYIsX/hF7jVL3Anbv0BP8D/cPpYaOuBC4dz7uVcjp8KrsCyvozS0vLK6lp5vbKxubW9Y+7utVWSScpaNBGJ7PpEMcFj1gIOgnVTyUjkC9bxh9djv/PApOJJfAd5ytyIDGIecEpAS5554KQhdwQLoNb0uvenjuSDEE48s2rVrQnwIrFnpIpmaHrmt9NPaBaxGKggSvVsKwW3IBI4FWxUcTLFUkKHZMB6msYkYsotJv+P8LFW+jhIpJ4Y8ET9fVGQSKk88vVmRCBU895Y/N+TkuRz4RBcugWP0wxYTKfZQSYwJHjcD+5zySiIXBNCJdfvYxoSSSjoFiu6F3u+hUXSPqvbVt2+Pa82rmYNldEhOkI1ZKML1EA3qIlaiKJH9Ixe0KvxZLwZ78bHdLVkzG720R8Ynz8yl52N</latexit><latexit sha1_base64="RGkUGdF2DXVcUm7FjBwoT5Ybqhw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARqouSiKDLohuXFewDmhgm00kzdPJg5kYIsX/hF7jVL3Anbv0BP8D/cPpYaOuBC4dz7uVcjp8KrsCyvozS0vLK6lp5vbKxubW9Y+7utVWSScpaNBGJ7PpEMcFj1gIOgnVTyUjkC9bxh9djv/PApOJJfAd5ytyIDGIecEpAS5554KQhdwQLoNb0uvenjuSDEE48s2rVrQnwIrFnpIpmaHrmt9NPaBaxGKggSvVsKwW3IBI4FWxUcTLFUkKHZMB6msYkYsotJv+P8LFW+jhIpJ4Y8ET9fVGQSKk88vVmRCBU895Y/N+TkuRz4RBcugWP0wxYTKfZQSYwJHjcD+5zySiIXBNCJdfvYxoSSSjoFiu6F3u+hUXSPqvbVt2+Pa82rmYNldEhOkI1ZKML1EA3qIlaiKJH9Ixe0KvxZLwZ78bHdLVkzG720R8Ynz8yl52N</latexit><latexit sha1_base64="RGkUGdF2DXVcUm7FjBwoT5Ybqhw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARqouSiKDLohuXFewDmhgm00kzdPJg5kYIsX/hF7jVL3Anbv0BP8D/cPpYaOuBC4dz7uVcjp8KrsCyvozS0vLK6lp5vbKxubW9Y+7utVWSScpaNBGJ7PpEMcFj1gIOgnVTyUjkC9bxh9djv/PApOJJfAd5ytyIDGIecEpAS5554KQhdwQLoNb0uvenjuSDEE48s2rVrQnwIrFnpIpmaHrmt9NPaBaxGKggSvVsKwW3IBI4FWxUcTLFUkKHZMB6msYkYsotJv+P8LFW+jhIpJ4Y8ET9fVGQSKk88vVmRCBU895Y/N+TkuRz4RBcugWP0wxYTKfZQSYwJHjcD+5zySiIXBNCJdfvYxoSSSjoFiu6F3u+hUXSPqvbVt2+Pa82rmYNldEhOkI1ZKML1EA3qIlaiKJH9Ixe0KvxZLwZ78bHdLVkzG720R8Ynz8yl52N</latexit><latexit sha1_base64="RGkUGdF2DXVcUm7FjBwoT5Ybqhw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARqouSiKDLohuXFewDmhgm00kzdPJg5kYIsX/hF7jVL3Anbv0BP8D/cPpYaOuBC4dz7uVcjp8KrsCyvozS0vLK6lp5vbKxubW9Y+7utVWSScpaNBGJ7PpEMcFj1gIOgnVTyUjkC9bxh9djv/PApOJJfAd5ytyIDGIecEpAS5554KQhdwQLoNb0uvenjuSDEE48s2rVrQnwIrFnpIpmaHrmt9NPaBaxGKggSvVsKwW3IBI4FWxUcTLFUkKHZMB6msYkYsotJv+P8LFW+jhIpJ4Y8ET9fVGQSKk88vVmRCBU895Y/N+TkuRz4RBcugWP0wxYTKfZQSYwJHjcD+5zySiIXBNCJdfvYxoSSSjoFiu6F3u+hUXSPqvbVt2+Pa82rmYNldEhOkI1ZKML1EA3qIlaiKJH9Ixe0KvxZLwZ78bHdLVkzG720R8Ynz8yl52N</latexit>
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CLOSED LOOP ACHIEVABILITY

▶ SKETCH OF PROOF: 
▶ We first define the three-phase encoder/decoder pairs:


▶ During the time                       : 

▶         is a type that maximizes              

▶ Select a sequence     that has the type 

▶ Encoder maps any input message                      into      and the state estimator is a ML detector. 

▶ This step is to estimate the state by observing the received sequence. 


▶ During the time 

▶ Pick a channel code with size       . 

▶ The encoder maps the estimated state from phase 1 into the corresponding codeword.

▶ The channel code decoder at the receiver detect the state. 

▶ This step is to convey the information of the state to the receiver. 


▶ During the time 

▶ Pick a channel code with size       and has the type        ,


                   where the rate of the code is related to the estimated state in the phase 1. 

▶ The encoder maps the message     into the corresponding codeword. 

▶ The message decoder is the channel code decoder and the state estimator is the ML detector. 

11
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